ABSTRACT: As the experiments of quantum system are conducted in the external field where the volume, energy and particle number are variable, the thermodynamic property of weakly interacting Fermi system is studied in this paper through the statistical distribution (N-E-V distribution) of a completely open system where the volume, energy and particle number are variable. Firstly, analytical expressions of internal energy, the equation of state, entropy and heat capacity expressed by Fermi integral are worked out. On that basis, the analytical expression and results of numerical calculation of the above thermodynamic quantities in extremely low temperature conditions can be known. Then, comparison between the calculations of N-E-V distribution and pseudopotential method (the volume and particle number remain the same) is drawn. The results show that the calculation of N-E-V distribution always makes up for the deviation of that of pseudopotential method. Besides, the most special thing about the calculation derived from N-E-V distribution is that the temperature variation curve of internal energy and that in the ideal Fermi system intersect. The characteristics of energy transfer between "attractive force" and "repulsive force" at the intersection temperature t c , which indicates that there is a phase transition. The intersection temperature does not change with the scattering length a (a<0 attractive force, a>0 repulsive force). Moreover, the intersection temperature of all weakly interacting Fermi system is 0.184 times as large as Fermi temperature, which is within the range of temperature for BEC and BCS phase transition and BEC-BCS crossover.
INTRODUCTION
The experimental verification [1] [2] [3] of Bose-Einstein Condensation on gaseous atom in 1995 inspired the enthusiasm of researchers about ultra-cold atom [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In recent years, researches focus mainly on the BoseEinstein Condensation [4, 5] (BEC) consisting of Fermi atoms and the superconductive state [6, 7] of Bardeen-Cooper-Schrieffe (BCS) with the crossover between the two [8] [9] [10] .The important tool of this research is the Feshbach resonance. The power of the magnetic Feshbach resonance lies in artificially adjusting the strength of the interaction between atoms and their properties by adjusting the strength of the magnetic field(the external parameter), and facilitating the discovery of the molecules formed by Fermi atoms in the experiment and the pairings of Fermi atoms formed under the many-body interactions, and detecting the BEC of possible Fermi molecular and the BCS of Fermi atoms from Cooper Pairs as well as the cross between them under the condition that the temperature is low enough .Markus Greiner et al., using thin Fermi gas, conducted an experiment with the temperature at 0.17TF, which led to the BEC of Fermi molecular.） References [12, 13] studied the thermodynamic property of weakly interacting Fermi system through pseudopotential method based on canonical system. References [14, 15] expanded the corresponding ensemble (N-E-V distribution) of the completely open system to systems of any size. The references also put forward that the corresponding ensemble of the completely open system is a system where the volume, energy and particle number are variable. Moreover, the experiments of quantum system at low temperature were conducted in magnetic or optical external field ， such as harmonic potential(volume is not fixed), laser, etc.; at this time volume, energy and particle number may change due to particle thermal motion, fluctuation and tunnel effect, etc.)
In consequence, the study of the thermodynamic property of quantum system in low temperature conditions conducted through the N-E-V distribution where the volume, energy and particle number are variable, is closer to the facts than the study conducted through the pseudopotential method based on canonical system the volume of canonical system is not changed.
On basis of pseudopotential method, further study is conducted on the thermodynamic property of weakly interacting Fermi gases through the N-E-V distribution of Shannon entropy in this paper from a new perspective. There is a little modification about the thermodynamic quantity after comparing the results of the study with the results obtained through pseudopotential method and canonical distribution in Reference [13] . By comparing the results with that of ideal Fermi system, it indicates that the temperature for the change of thermodynamic property is right within the range of temperature of BEC and BCS phase transition and BEC-BCS crossover. It is under the condition of constant scattering length, thus belongs to the quantum phase transition. The conclusion cannot be reached from the traditional ensemble theory.
THE PARTITION FUNCTION OF WEAKLY INTERACTING FERMION IN N-E-V DISTRIBUTION
According to References [15, 16] , the partition function of N-E-V distribution based on Shannon entropy is
where
. µ is chemical potential, k B is Boltzmann constant, T is absolute temperature, and P is pressure. The summation is over all microscopic state or quantum state. N i , E i and V i respectively stand for the particle number, energy and volume of the microscopic state or quantum state i.
The grand partition function of weakly interacting fermi gases
As the system consists of N weakly interacting and spin-1/2 fermions limited in volume V, the energy spectrum of the system derived from pseudopotential method [17, 18] is
Where n Initial attention should be paid on the canonical partition function. 
As for the macro system which contains plenty of particles, the logarithm of sum formula in Expression (4) approximately equals the logarithm of maximum term in sum formula. When / 2 N N + = , the sum term in (4) is the largest [13.19] . Thus (4) can be expressed as 
As for the "fictional system" consists of / 2 N fermions without spin or interaction, the free energy [17, 18] ( ) ( ) ( )
where the Fermi integral
which has
z represents the fugacity of the "fictional system". It satisfies the following relation ( )
The free energy of weakly interacting Fermi gas can be obtained from expressions (5), (6) and (9).
( )
From the relation between grand thermodynamic potential and grand partition function:
is grand partition function. As with Expression (9), one can get
The partition function of weakly interacting Fermi gases in N-E-V distribution
From Expression (1) and the continuous variation of volume as with the definition of partition function of N-E distribution (grand canonical distribution), the connection between the partition functions of
Internal energy:
Then the equation of state is:
Entropy: 
(23) When the temperature of system is low, z 0 may be large. Then, the Sommerfeld Lemma can be applied in the expansion of lnz 0 with Fermi integral [19] , 
Here,
energy of ideal Fermi system [17] , and F0 
However, the results obtained merely by pseudopotential method are [13] ( ) 
Expressions (37) -(46) are in accordance with those in the textbook [17, 19] .
Comparison between the results obtained from N-E-V distribution and pseudopotential method both in low temperature section

Comparison of zero point energy (ground state energy) It can be known from the comparison between Expression (30) of weakly interacting Fermi system obtained from N-E-V distribution and Expression (36) obtained from pseudopotential method that:
(1) The first terms are both ground state energy of ideal Fermi gases.
(2) The second terms are contributions of the weak interaction to the ground state energy. The result obtained from N-E-V distribution is smaller than that obtained by pseudopotential method when the scattering length a>0 and is bigger when the scattering length a<0. It is because that the canonical partition functions adopted in pseudopotential method are constant in particle number N and volume V. Therefore, the influences of the change of particle density are not taken into account in the use of pseudopotential method. Moreover, in the calculation of canonical partition function, the summation should have been over all possible the spin states when the particle number N is constant. However, the summation is substituted for the maximum value (a>0) or minimum value (a<0). In other words, the average value is replaced by the maximum or minimum value. The volume is taken into account in the calculation of partition function in N-E-V distribution. Though the calculation is based on the results obtained through pseudopotential, part of summation or average are supplemented by volume integral. Thus, the result obtained through N-E-V distribution is smaller than that obtained through pseudopotential method when a>0 (the maximum value replaces the average value) and vice versa.
It is also the reason for other differences in the following section.
Comparison of internal energy
Expressions (25) and (31) respectively stand for the internal energy obtained from N-E-V distribution and pseudopotential method. It can be known from the comparison between the two expressions in the following.
(1) The first terms are internal energy of ideal Fermi gases.
(2) The second terms are contributions of weak interaction to the internal energy. The result obtained from N-E-V distribution is bigger than that obtained by pseudopotential method when the scattering length a<0 and is smaller when the scattering length a>0. The reason for it is stated above.
(3) The internal energy calculated by pseudopotential method lacks the third term of that calculated by N-E-V distribution. The term is about the scattering length and temperature of weak interaction. In other words, after taking all the possible change of particle density into consideration, even weak interaction will affect the kinetic energy (thermal motion of particles). The "repulsive force" (a>0) decreases the kinetic energy while the "attractive fore" (a>0) increases it, which will intensify with the rise of temperature. When the density of particle is constant, the results calculated through pseudopotential method are: weak interaction only "translate" the internal energy of Fermi system to a higher or lower value rather than affect the thermal motion of particles.
The internal energy changes with temperature both in N-E-V distribution and pseudopotential method. The comparison of the numerical relationship is shown in Figure 1 . In Figure (a 
Comparison of heat capacity
The heat capacities at constant volume calculated by the two methods are shown in Expressions (26) and (32) respectively when comparing the two expressions .
As the internal energy of weakly interacting Fermi gases obtained by pseudopotential method is merely a "translation" of the internal energy of ideal Fermi gases, its heat capacity is the same with that in ideal Fermi gases. Compared with that calculated by pseudopotential method, the heat capacity calculated by N-E-V distribution has a term about temperature. However, the term is so small in value that the "repulsive force" (a>0) decreases the heat capacity while the "attractive fore" (a>0) increases it, which will intensify with the rise of temperature.
The heat capacity changes with temperature both in N-E-V distribution and pseudopotential method. The comparison of the numerical relationship when a/λ F0 =0.05 and a/λ F0 =−0.05 is shown in Figure 2 . The heat capacity obtained through pseudopotential method is irrelevant to a/λ F0. 
Comparison of entropy
By comparing the entropy calculated from Expressions (27) and (33), one can find:
The entropy of weakly interacting Fermi gases calculated through pseudopotential is in accordance with the entropy of ideal Fermi system. It means that when the particle density is constant, the degree of disorderly motion of particles will not be affected by weak interaction. The entropy obtained through N-E-V distribution has a term about temperature. It means that when all possible changes about particle density are taken into account, the weak interaction will lead to a change of the degree of disorderly motion of particles, which intensifies with the rise of temperature. The "repulsive force" (a>0) decreases the entropy and the "attractive force" (a<0) increases the entropy. The numerical relationship is shown in Figure 3 . The Fermi energy in the two calculating method is the same. 
Further discussion of the effect of N-E-V distribution exerts on the internal energy of weakly interacting fermi system at low temperature
Numerical analysis on the deviation of internal energy obtained from N-E-V distribution and by pseudopotential method
When a/λ F0 =0.050 and 0≤T/T F0 ≤0.6, 0.04719≤δU≤0.07226; when a/λ F0 =0.030 and 0≤T/T F0 ≤0.6, 0.02899≤δU≤0.04379. It indicates that the relative deviation of internal energy derived from N-E-V distribution and pseudopotential method is quite small. Similarly, the relative deviations of other thermodynamic quantities are also very small, and thus they can be left out.
Numerical analysis of the deviation of the internal energy of weakly interacting Fermi gases is calculated through N-E-V distribution and the internal energy of ideal fermi gases U
∆ is the difference between the internal energy of weakly interacting Fermi gases, calculated through N-E-V distribution, in low temperature conditions, and the internal energy of ideal Fermi gases. As shown in Expressions (48) and Figure 4 and 5, whether the scattering length a>0 (repulsive force) or a<0 (attractive force), the curve of internal energy of Fermi gases will intersect the curve of internal energy of ideal Fermi gases when a=0 (no interaction) at one point (There is no intersection like this when calculated through pseudopotential method. See Figure 4 the red curve line with orange curve line). If the reduced temperature T/T F0 is written as t, the reduced temperature at the intersection is t c and t c =0.184.There is no interaction in ideal Fermi gases. The curves of internal energy change with temperature in Fermi system with weak interaction and ideal Fermi system intersect, which indicates that the "attractive force" or "repulsive force" has been transferred. In other words, in weakly interacting Fermi system, the characteristic of total energy of multi-particle Fermi system will exchange between "repulsive force" and "attractive force", which indicates that there exists phase transition. The phase transition temperature (intersection temperature) t c neither changes with the scattering length a, nor relates to the mass of fermion, which can be found in any weakly interacting Fermi system. The intersection temperature t c is 0.184, which is within the range of temperature of phase transition of BEC and BCS in Fermi system. Thus, t c is characterized by the temperature of phase transition of BEC and BCS. 
CONCLUSIONS
The conditions in N-E-V distribution are closer to the experimental environment of quantum system than those in canonical distribution (E distribution) and grand canonical distribution (N-E distribution).The excessive deviation of results obtained through pseudopotential method is always made up by the results obtained by N-E-V distribution. The low temperature phase transition of BEC and BCS that may happen in weakly interacting Fermi system can be foreseen, which is unique to N-E-V distribution. It is acceptable that the thermodynamic property calculated through N-E-V distribution is closer to the experimental results. However, physical quantities as energy change gently near the expected phase transformation point instead of leaping or peaking, which is different from the characteristics of phase transition we are familiar with. Further study on phase transition is needed since it is unclear that whether it is because of the coexistence of various mixed states [11] or because the phase transitions of BEC and BCS of Fermi system are statistical correlation or entropy force [20] of many-particle system. Just like the attractive force can be explained by statistic thermodynamics [21] .
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